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FREE COACTIONS OF A FINITE DIMENSIONAL C∗-HOPF
ALGEBRA AND STRONG MORITA EQUIVALENCE
KAZUNORI KODAKA AND TAMOTSU TERUYA
Abstract. We shall introduce a notion of free coactions of a finite dimensional
C∗-Hopf algebra on a C∗-algebra modifying a notion of free actions of a discrete
group on a C∗-algebra and we shall study several properties on coactions of
a finite dimensional C∗-Hopf algebra on C∗-algebras, which are relating to
strong Morita equivalence for inclusions of C∗-algebras.
1. Introduction
We shall introduce a notion of free coactions of a finite dimensional C∗-Hopf
algebra on a C∗-algebra modifying a notion of free actions of a discrete group on
a C∗-algebra, which is defined in Zarikian [14] and we shall give a result similar
to [14, Theorem 3.1.2]. Also, we discuss the relations of the Rokhlin property, the
freeness, outerness and saturatedness of coactions of a finite dimensional C∗-Hopf
algebra on a C∗-algebra. Furthermore, we show that strong Morita equivalence for
coactions preserves the freeness of coactions of a finite dimensional C∗-Hopf algebra
on a C∗-algebra using the result similar to [14, Theorem 3.1.2].
For an algebra A, we denote by 1A and idA the unit element in A and the
identity map on A, respectively. If no confusion arises, we denote them by 1 and
id, respectively. Also, we denote by M(A) the multiplier C∗-algebra of A.
Let π be a homomorphism of A to a C∗-algebra B with π(A)B = B. Then there
is the unique strictly continuous homomorphism of M(A) to M(B) extending π to
M(A) by Jensen and Thomsen [3, Corollary 1.1.15]. We denote it by π.
For each n ∈ N, we denote by Mn(C) the n × n-matrix algebra over C and In
denotes the unit element in Mn(C).
Let X be an A − B-equivalence bimodule. For any a ∈ A, b ∈ B, x ∈ X ,
we denote by a · x the left A-action on X and by x · b the right B-action on X ,
respectively. Let X˜ be the dual B − A-equivalence bimodule of X and x˜ denotes
the element in X˜ induced by an element x ∈ X . Also, we regard X as a Hilbert
M(A)−M(B)-equivalence bimodule in the sense of Brown, Mingo and Shen [2] as
follows: Let BB(X) be the C
∗-algebra of all adjointable right B-linear operators
on X . We note that a right B-linear operator on X is bounded. Then BB(X) can
be identified with M(A). Similarly let AB(X) be the C
∗-algebra of all adjointable
left A-linear operators on X and AB(X) is identified with M(B). In this way, we
regard X as a Hilbert M(A) −M(B)-bimodule. Let Aut(X) be the group of all
bijective linear maps on X .
2. Preliminaries
Let H be a finite dimensional C∗-Hopf algebra. We denote its comultiplication,
counit and antipode by ∆, ǫ and S, respectively. We shall use Sweedler’s notation
∆(h) = h(1)⊗ h(2) for any h ∈ H , which suppresses a possible summation when we
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write comultipications. We denote by N the dimension of H . Let H0 be the dual
C∗-Hopf algebra of H . We denote its comultiplication, counit and antipode by ∆0,
ǫ0 and S0, respectively. There is a distinguished projection e in H . We note that
e is the Haar trace on H0. Also, there is a distinguished projection τ in H0 which
is the Haar trace on H . Since H is finite dimensional, H ∼= ⊕Lk=1Mfk(C) and
H0 ∼= ⊕Kk=1Mdk(C) as C
∗-algebras. Let {vkij | k = 1, 2, . . . , L, i, j = 1, 2, . . . , fk}
be a system of matrix units of H . Let {wkij | k = 1, 2, . . . ,K, i, j = 1, 2, . . . , dk}
be a basis of H satisfying Szyman´ski and Peligrad’s [11, Theorem 2.2,2], which
is called a system of comatrix units of H , that is, the dual basis of a system
of matrix units of H0. Also, let {φij | k = 1, 2, . . . ,K, i, j = 1, 2, . . . , dk} and
{ωkij | k = 1, 2, . . . , L, i, j = 1, 2, . . . , fk} be systems of matrix units and comatrix
units of H0, respectively. Let A be a C∗-algebra.
Definition 2.1. By a coaction of H0 on A we mean a homomorphism ρ of A to
A⊗H0 satisfying the following conditions:
(1) ρ(A)(A⊗H0) = A⊗H0,
(2) (id⊗ ǫ0)(ρ(a)) = a for any a ∈ A,
(3) (ρ⊗ id) ◦ ρ = (id⊗∆0) ◦ ρ.
Let Hom(H,A) be the linear space of all linear maps from H to A. Since H is
finite dimensional, Hom(H,A) is isomorphic to A ⊗ H0. We identify Hom(H,A)
with A⊗H0. For any element x ∈ A⊗H0, we denote by x̂ the element in Hom(H,A)
induced by x.
For a coaction ρ of H0 on a C∗-algebra A, we consider the action of H on A
defined by
h ·ρ a = ρ̂(a)(h) = (id⊗ h)(ρ(a))
for any a ∈ A, h ∈ H . We call it the action of H on A induced by ρ. Let A⋊ρH be
the crossed product of A by the action of H on A induced by ρ. Let a⋊ρ h be the
element in A⋊ρ H induced by elements a ∈ A, h ∈ H . Let ρ̂ be the dual coaction
of H on A⋊ρ H defined by
ρ̂(a⋊ρ h) = (a⋊ρ h(1))⊗ h(2)
for any a ∈ A, h ∈ H . Let Eρ1 be the canonical conditional expectation from A⋊ρH
onto A defined by
Eρ1 (a⋊ρ h) = τ(h)a
for any a ∈ A, h ∈ H .
3. Coactions of a finite dimensional C∗-Hopf algebra
Let H and H0 be as in Section 2. Let ρ be a coaction of H0 on a C∗-algebra A.
Definition 3.1. We say that ρ is free if ρ satisfies the following: If x ∈M(A)⊗H0
satisfies that
xρ(a) = (a⊗ 10)x
for any a ∈ A, then
x ∈ (A′ ∩M(A))⊗Cτ.
We show that the above property is an extension of the freeness of discrete groups
in [14] to coactions of finite dimensional C∗-Hopf algebras.
Let G be a finite group and C(G) the finite dimensional C∗-Hopf algebra of all
C- valued functions on G. We denote by 10 the unit element in C(G). Let α be an
action of G on a C∗-algebra A. Let ρα be the coaction of C(G) on A induced by
α, that is,
ρα(a) =
∑
t∈G
αt(a)δt
2
for any a ∈ A, where δt is the function on G defined by
δt(s) =
{
1 if s = t
0 if s 6= t
We recall the definition that α is a free action of G on a C∗-algebra A.
Definition 3.2. We say that α is free if αt is a free automorphism of A for any
t ∈ G \ {ı}, that is, if an element x ∈ M(A) satisfies that xa = αt(a)x for any
a ∈ A, then x = 0, where ı is the unit element in G.
Proposition 3.1. Let α be an action of a finite group G on a C∗-algebra A and
ρα the coaction of C(G) on A induced by α. Then the following are equivalent:
(1) The action α is free,
(2) The coaction ρα is free.
Proof. (1) ⇒ (2): We suppose that α is free. We suppose that an element x ∈
M(A)⊗ C(G) satisfies that for any a ∈ A, xρα(a) = (a⊗ 1
0)x. Then∑
t∈G
x(αt(a)⊗ δt) = (a⊗ 1
0)x.
Since x ∈ M(A) ⊗ C(G), we can write that x =
∑
t∈G xt ⊗ δt, where xt ∈ M(A)
for any t ∈ G. Thus∑
s,t∈G
xsαt(a)⊗ δsδt =
∑
s∈G
(a⊗ 10)(xs ⊗ δs).
That is, ∑
s∈G
xsαs(a)⊗ δs =
∑
s∈G
(a⊗ 10)(xs ⊗ δs).
Hence
xsαs(a) = axs
for any a ∈ A, s ∈ G. If s 6= ı, αs is a free automorphism of A. Thus xs = 0 for any
s ∈ G \ {ı}. Therefore x = xı ⊗ δı. Also, xıαı(a) = axı. That is, xıa = axı. Hence
xı ∈ A
′ ∩M(A). Since δı is the distinguished projection in C(G), we see that ρα is
free.
(2) ⇒ (1): We suppose that ρα is free. Let t ∈ G \ {ı} and we suppose that an
element x ∈ M(A) satisfies that for any a ∈ A, xαt(a) = ax for any a ∈ A. For
any s ∈ G, let xs be the element in M(A) defined by
xs =

x if s = t
1 if s = ı
0 others
.
Let y =
∑
s∈G xs ⊗ δs. Then y ∈M(A)⊗ C(G) and for any a ∈ A,
yρα(a) =
∑
s,r∈G
(xs ⊗ δs)(αr(a)⊗ δr) =
∑
s∈G
xsαs(a)⊗ δs = xαt(a)⊗ δt + a⊗ δı.
Also, for any a ∈ A,
(a⊗ 10)y =
∑
s∈G
axs ⊗ δs = x⊗ δt + a⊗ δı.
Hence yρα(a) = (a⊗ 1
0)y for any a ∈ A. Since ρα is free, y ∈ (A
′ ∩M(A)) ⊗Cδı.
By the definition of y, x = 0. Therefore α is free. 
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Remark 3.2. As Schwieger and Wagner pointed out in Introduction and Remark
of [12], the freeness in this paper is different from theirs in [12]. In this paper, we
use the notion “saturated” instead of their “free”. The definition of “saturated” is
given in [11].
Proposition 3.3. Let ρ be a coaction of H0 on a unital C∗-algebra A. Then the
following are equivalent:
(1) ρ is free,
(2) A′ ∩ (A⋊ρ H) = A
′ ∩ A,
(3) The canonical conditional expectation Eρ1 from A⋊α H onto A is unique.
Proof. (1)⇒ (2): Let x ∈ A′ ∩ (A⋊ρ H). Then we can write that
x =
∑
i,j,k
xkij ⋊ρ w
k
ij ,
where xkij ∈ A for any i, j, k. For any a ∈ A,
(a⋊ρ 1)x =
∑
i,j,k
axkij ⋊ρ w
k
ij ,
x(a⋊ρ 1) =
∑
i,j,k
(xkij ⋊ρ w
k
ij)(a⋊ρ 1) =
∑
i,j.k,j1
xkij [w
k
ij1
·ρ a]⋊ρ w
k
j1j
=
∑
i,j,k,j1
xkj1j [w
k
j1i
·ρ a]⋊ρ w
k
ij .
Since (a⋊ρ 1)x = x(a⋊ρ 1),
axkij =
∑
j1
xkj1j [w
k
j1i
·ρ a] (∗)
for any i, j, k and any a ∈ A. Let z be the element in A⊗H0 defined by
z =
∑
i,j,k
xkij ⊗ φ
k
ji.
We claim that zρ(a) = (a⊗ 10)z for any a ∈ A. Indeed, for any r, s, t,
(zρ(a))̂(wrst) =
∑
i,j,k,t1
xkijφ
k
ji(w
r
st1
)[wrt1t ·ρ a]
=
∑
t1
xrt1s[w
r
t1t
·ρ a] = ax
r
ts
by Equation (*). On the other hand, for any r, s, t,
[(a⊗ 10)z]̂(wrst) =
∑
i,j,k
axkijφ
k
ji(w
r
st) = ax
r
ts.
Hence (a⊗ 10) = zρ(a) for any a ∈ A. Since ρ is free, z ∈ (A ∩ A′)⊗Cτ . That is,
z =
∑
i,j,k
xkij ⊗ φ
k
ji ∈ (A
′ ∩ A)⊗Cτ.
Since τ ∈ {φkij}, z = x0 ⊗ τ , where x0 ∈ A
′ ∩ A. Therefore, x = x0 ⋊ρ 1 since
τ(1) = 1.
(2) ⇒ (1): Let z ∈ A ⊗ H0 such that zρ(a) = (a ⊗ 10)z for any a ∈ A. Then for
any h ∈ H ,
ẑ(h(1))[h(2) ·ρ a] = aẑ(h). (∗∗)
Let x be the element in A⋊ρ H defined by
x =
∑
i,j,k
ẑ(wkij)⋊ρ w
k
ji.
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Then for any a ∈ A,
(a⋊ρ 1)x =
∑
i,j,k
aẑ(wkij)⋊ρ w
k
ji.
By Equation (**),
x(a⋊ρ 1) =
∑
i,j,k
(ẑ(wkij)⋊ρ w
k
ji)(a⋊ρ 1) =
∑
i,j,k,i1
ẑ(wkij)[w
k
ji1
·ρ a]⋊ρ w
k
i1i
=
∑
i,k,i1
aẑ(wkii1 )⋊ρ w
k
i1i
.
Hence (a ⋊ρ 1)x = x(a ⋊ρ 1). That is, x ∈ A
′ ∩ (A ⋊ρ H). By Condition (2),
x ∈ A′ ∩ A. Since 1 ∈ {wkij}, x = ẑ(1) ⋊ρ 1 and ẑ(1) ∈ A
′ ∩ A. Furthermore,
ẑ(wkij) = 0 if w
k
ij 6= 1. Therefore,
z = ẑ(1)⊗ τ ∈ (A′ ∩ A)⊗Cτ
since τ ∈ {φkij}.
(2)⇒ (3): Let F be a conditional expectation from A⋊ρ H onto A. By Watatani
[13, Proposition 1.4.1], there is an element z ∈ A′ ∩ (A⋊ρH) with E
A
1 (z) = 1 such
that
F (x) = EA1 (az)
for any x ∈ A⋊ρ H . Then by Condition (2), z ∈ A
′ ∩A. Thus z = EA1 (z) = 1 and
F (x) = EA1 (x) for any x ∈ A⋊ρ H . Hence F = E
A
1 .
(3) ⇒ (2): Since EA1 is faithful by [7, Lemma 3.14], we obtain the conclusion by
[14, Lemma 3.1.1]. 
Let ρ be a coaction of H0 on a (non-unital) C∗-algebra A. Then in the same
way as in [4], we can extend ρ to a coaction ρ of H0 on M(A). We note that ρ is
strictly continuous.
Lemma 3.4. With the above notation, ρ is free if and only if ρ is free.
Proof. We suppose that ρ is free. Let x be an element in M(A) ⊗ H0 such that
xρ(a) = (a⊗ 10)x for any a ∈ M(A). Then xρ(a) = (a⊗ 10)x for any a ∈ A since
ρ|A = ρ. Since ρ is free, x ∈ (A
′ ∩M(A))⊗ τ . Also, A′ ∩M(A) =M(A)′ ∩M(A).
Indeed, clearly M(A)′ ∩M(A) ⊂ A′ ∩M(A). Let z ∈ A′ ∩M(A). Then za = az
for any a ∈ A. Since A is dense in M(A) under the strict topology. Thus za = az
for any a ∈ M(A). Hence A′ ∩M(A) ⊂ M(A)′ ∩M(A). That is, A′ ∩M(A) =
M(A)′ ∩M(A). Therefore, x ∈ (M(A)′ ∩M(A)) ⊗ τ . It follows that ρ is free.
Next, we suppose that ρ is free. Let x be an element in M(A) ⊗ H0 such that
xρ(a) = (a ⊗ 10)x for any a ∈ A. Then since A is dense in M(A) under the
strict topology and ρ is strictly continuous, xρ(a) = (a ⊗ 10)x for any a ∈ M(A).
Since ρ is free, x ∈ (M(A)′ ∩ M(A)) ⊗ τ . Since M(A)′ ∩M(A) = A′ ∩M(A),
x ∈ (A′ ∩M(A))⊗ τ . Thus ρ is free. 
Let ρ be a coaction ofH0 on a C∗-algebraA. Let FA be a conditional expectation
from A ⋊ρ H onto A. We extend F
A to a conditional expectation FM(A) from
M(A) ⋊ρ H onto M(A). We note that M(A ⋊ρ H) = M(A) ⋊ρ H by [4, Lemma
2.10]. Let x be any element in M(A)⋊ρH . Then there is a net {xλ}λ∈Λ ⊂ A⋊ρH
such that xλ is strictly convergent to x in M(A) ⋊ρ H . Let F
M(A) be the linear
map from M(A)⋊ρ H onto M(A) defined by
FM(A)(x) = lim
λ
FA(xλ),
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where the limit is taken under the strict topology in M(A). By the easy computa-
tions, we see that FM(A) is a conditional expectation from M(A)⋊ρH onto M(A)
with FM(A)|A⋊ρH = F
A.
Lemma 3.5. With the above notation, FM(A) is the unique conditional expectation
from M(A⋊ρ H) onto M(A) such that F
M(A)|A⋊ρH = F
A.
Proof. Let GM(A) be a conditional expectation from M(A⋊ρ H) onto M(A) such
that GM(A)|A⋊ρH = F
A. Let x ∈M(A⋊ρ H) and a ∈ A. Then
||GM(A)(x)a−FM(A)(x)a|| = ||GM(A)(xa)−FM(A)(xa)|| = ||FA(xa)−FA(xa)|| = 0.
Thus GM(A)(x) = FM(A)(x) for any x ∈M(A⋊ρ H). 
Theorem 3.6. Let ρ be a coaction of H0 on a C∗-algebra A. Then the following
conditions are equivalent:
(1) ρ is free,
(2) A′ ∩M(A⋊ρ H) = A
′ ∩M(A),
(3) The canonical conditional expectation EA1 from A⋊ρ H onto A is unique.
Proof. (1) ⇒ (2): Since ρ is free, by Lemma 3.4, ρ is free. Hence by Proposition
3.3 and [4, Lemma 2.10],
M(A)′ ∩M(A⋊ρ H) =M(A)
′ ∩ (M(A)⋊ρ H) = M(A)
′ ∩M(A).
By the proof of Lemma 3.4, A′ ∩M(A) = M(A)′ ∩M(A). Also, we can see that
A′ ∩M(A⋊ρH) = M(A)
′ ∩M(A⋊ρH) in the same way as in the proof of Lemma
3.4. Thus A′ ∩M(A⋊ρ H) = A
′ ∩M(A).
(2)⇒ (1): By the discussions of (1)⇒ (2), M(A)′ ∩M(A⋊ρH) = M(A)
′ ∩M(A).
Hence by Proposition 3.3 and [4, Lemma 2.10], ρ is free. Thus by Lemma 3.4, ρ is
free.
(2) ⇒ (3): Let FA be a conditional expectation from A ⋊ρ H onto A. By the
discussions before this theorem, there is a conditional expectation FM(A) from
M(A)⋊ρH onto M(A) extending F
A. Also, since A′ ∩M(A⋊ρH) = A
′ ∩M(A),
M(A)′ ∩ (M(A) ⋊ρ H) = M(A)
′ ∩M(A). Thus by Proposition 3.3, the canonical
conditional expectation E
M(A)
1 from M(A) ⋊ρ H onto M(A) is unique. Hence
E
M(A)
1 = F
M(A). Since E
M(A)
1 |A⋊ρH = E
A
1 and F
M(A)|A⋊ρH = F
A, EA1 = F
A.
Therefore we obtain Condition (3).
(3)⇒ (2): By the discussions of (2)⇒ (3) and Lemma 3.5, the canonical conditional
E
M(A)
1 from M(A)⋊ρ H onto M(A) is unique. Thus by Proposition 3.3, M(A)
′ ∩
M(A⋊ρ H) = M(A)
′ ∩M(A). Hence A′ ∩M(A⋊ρ H) = A
′ ∩M(A). 
Following Blattner, Cohen and Montgomery [1], we give the definitions of an
inner coaction and outer coaction. Let ρ be a coaction of H0 on a C∗-algebra A.
Let ρA
H0
be the trivial coaction of H0 on A.
Definition 3.3. (1) ρ is inner if there is a unitary element u inM(A)⊗H0 satisfying
the following:
(i) ρ = Ad(u) ◦ ρA
H0
,
(ii) (u ⊗ 10)(ρAH0 ⊗ idH0) = (idM(A) ⊗∆
0)(u),
where ρAH0 is the coaction of H
0 on M(A) induced by ρAH0, that is, ρ
A
H0 = ρ
M(A)
H0
,
the trivial coaction of H0 on M(A).
(2) ρ is outer if H0 is not trivial and if, whenever π0 : H0 → K0 is a surjective C∗-
Hopf algebra homomorphism such that the induced K0-coaction σ = (idA ⊗ π) ◦ ρ
is inner, then K0 is trivial.
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Proposition 3.7. Let ρ be a coaction of a non-trivial C∗-Hopf algebra H0 on a
C∗-algebra A. If ρ is free, then ρ is outer.
Proof. Let π0 be a surjective C∗-Hopf algebra homomorphism of H0 onto K0 and
let σ be the coaction of K0 on A induced by π, that is, σ = (idA ⊗ π
0) ◦ ρ.
Let K be the C∗-Hopf algebra induced by K0 and let π be the C∗-Hopf algebra
homomorphism induced by π, which is defined by
φ(π(k)) = π0(φ)(k)
for any φ ∈ H0, k ∈ K. Then π is injective since π0 is surjective. Also, since σ =
(idA⊗π
0)◦ρ, A⋊σK ⊂ A⋊ρH . Furthermore, since (A⋊σ K)(A⋊ρ H) = A⋊ρH ,
M(A ⋊σ K) ⊂ M(A ⋊ρ H). Since ρ is free, by Theorem 3.6, A
′ ∩M(A ⋊ρ H) =
A′ ∩M(A). Since A′ ∩M(A) ⊂ A′ ∩M(A⋊σ H) ⊂ A
′ ∩M(A⋊ρ H),
A′ ∩M(A⋊σ H) = A
′ ∩M(A).
Thus σ is free by Theorem 3.6. We suppose that σ is inner. Then there is a unitary
element u ∈M(A⊗K0) such that
σ = Ad(u) ◦ ρAK0 , (u⊗ 1
0)(ρAK0 ⊗ idK0)(u) = (idM(A) ⊗∆
0
K0)(u),
where ∆0K0 is the comultiplication of K
0. Since σ is free, u ∈ (A′ ∩M(A))⊗CτK0 ,
where tanK0 is the distinguished projection in K
0. Since u is a unitary element,
τK0 = 1
0
K0 . Hence K
0 = C10K0 , where 1
0
K0 is the unit element in K
0. Therefore,
K0 is trivial. Hence ρ is outer. 
We note that the Rokhlin property implies the outerness in the case that A is
a unital C∗-algebra. Before we show it, we give the definitions of the approximate
representability and the Rokhlin property. For a unital C∗-algebra A, we set
c0(A) = {(an) ∈ l
∞(N, A) | lim
n→∞
||an|| = 0}, A
∞ = l∞(N, A)/c0(A).
We denote an element in A∞ by the same symbol (an) in l
∞(N, A). We identify
A with the C∗-subalgebra of A∞ consisting of the equivalence classes of constant
sequences and set
A∞ = A
∞ ∩ A′.
For a coaction ρ of H0 on A, let ρ∞ be the coaction of H0 on A∞ defined by
ρ∞((an)) = (ρ(an))
for any (an) ∈ A
∞.
Definition 3.4. Let ρ be a coaction of H0 on a unital C∗-algebra A. We say that ρ
is approximately representable if there is a unitary element w ∈ A∞⊗H0 satisfying
the following conditions:
(1) ρ(a)(Ad(w) ◦ ρA
H0
)(a) for any a ∈ A,
(2) (w ⊗ 10)(ρA
∞
H0
⊗ id)(w) = (id⊗∆0)(w),
(3) (ρ∞ ⊗ id)(w)(w ⊗ 10) = (id⊗∆0)(w).
Definition 3.5. Let ρ be a coaction of H0 on a unital C∗-algebra A. We say that ρ
has the Rokhlin property if the dual coaction ρ̂ of H on A ⋊ρ H is approximately
representable.
Proposition 3.8. Let ρ be a coaction of a non-trivial finite dimensional C∗-Hopf
algebra H0 on a unital C∗-algebra A. If ρ has the Rokhlin property, then ρ is outer.
Proof. Let π0, π and K0, K be as in the proof of Proposition 3.7. We regard K as
a C∗-Hopf subalgebra of H by π. Also, let σ = (id⊗π0)◦ρ, a coaction of K0 on A.
Since ρ has the Rokhin property, by [8, Corollary 6.4], there is a projection p ∈ A∞
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such that e ·ρ∞ p =
1
N
, where N = dimH . Let f be the distinguished projection in
K. Then
f ·σ∞ p = (id⊗f)(σ
∞(p)) = (id⊗ (f ◦π0))(ρ∞(p)) = (id⊗e)(ρ∞(p)) = e ·ρ∞ p =
1
N
since π(f) = e. We suppose that σ is inner. Then there is a unitary element
u ∈ A⊗K0 such that
σ = Ad(u) ◦ ρAK0 , (u⊗ 1
0)(ρAK0 ⊗ id)(u) = (id⊗∆
0
K0)(u),
where ∆0K0 is the comultiplication of K
0. Hence
f ·σ∞ p = û(f(1))[f(2) ·ρA
K0
p]û∗(f(3)) = û(f(1))pû∗(f(2)) = p
since p ∈ A∞. Hence
1
N
is a projection since 1
N
= e. Thus N = 1. This is a
contradiction. Therefore, ρ is outer. 
4. Strong Morita equivalence
Let A ⊂ C and B ⊂ D be unital inclusions of unital C∗-algebras. We suppose
that A ⊂ C and B ⊂ D are strongly Morita equivalent with respect to a C −D-
equivalence bimodule Y and its closed subspace X . The definition of strong Morita
equivalence for inclusions of C∗-algebras is given in [10]. Let E(A,C) be the set of all
conditional expectations from C onto A. Also, we define E(B,D) as above. In this
section, we show that strong Morita equivalence for coactions preserves the freeness
of coactions of a finite dimensional C∗-Hopf algebra on unital C∗-algebras. Also, in
the same way as above, we show that strong Morita equivalence for twisted actions
preserves the freeness of twisted actions of a countable discrete group on unital
C∗-algebras. By [6, Theorem 2.5 and Proposition 4.2], we obtain the following
proposition:
Proposition 4.1. Let A ⊂ C and B ⊂ D be unital inclusions of unital C∗-algebras.
We suppose that A ⊂ C and B ⊂ D are strongly Morita equivalent with respect to a
C −D-equivalence bimodule Y and its closed subspace X. Then there is a bijective
map from E(A,C) onto E(B,D).
By the above proposition, we obtain the following:
Theorem 4.2. (1) Let ρ and σ be coactions of a finite dimensional C∗-Hopf algebra
H0 on unital C∗-algebras A and B, respectively. We suppose that ρ and σ are
strongly Morita equivalent. If ρ is free if and only if σ is free.
(2) Let (α, u) and (β, v) be twisted actions of a countable discrete group G on unital
C∗-algebras A and B, respectively. We suppose that (α, u) and (β, v) are strongly
Morita equivalent. If (α, u) is free, if and only if (β, v) is free.
Proof. (1) We note that the unital inclusions A ⊂ A ⋊ρ H and B ⊂ B ⋊σ H are
strongly Morita equivalent by [10, Examples] since ρ and σ are strongly Morita
equivalent. Since ρ is free, Eρ1 is the unique conditional expectation from A ⋊ρ H
onto A by Proposition 3.3. Hence by Proposition 4.1, Eσ1 is the unique conditional
expectation from B ⋊σ H onto B. Thus σ is free by Proposition 3.3.
(2) Let Eα,u1 and E
β,v
1 be the canonical conditional expectations from A ⋊α,u,r G
and B ⋊β,v,r G onto A and B, respectively, where A ⋊α,u,r G and B ⋊β,v,r G are
the reduced twisted crossed products of A and B by (α, u) and (β, v), respectively.
Then by [5, Proposition 2.1], the inclusions A⋊α,u,r G and B⋊β,v,r G are strongly
Morita equivalent. Since (α, u) is free, Eα,u1 is the unique conditional expectation
from A ⋊α,u,r G onto A by [5, Proposition 4.1]. Hence by Proposition 4.1, E
β,v
1 is
the unique conditional expectation from B ⋊β,v,r G onto B. Thus (β, v) is free by
[5, Proposition 4.1]. 
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By Theorem 4.2 shows that strong Morita equivalence for coactions of a finite
dimensional C∗-Hopf algebra on unital C∗-algebras preserves the freeness of coac-
tions. But strong Morita equivalence for coactions dos not preserve the saturated-
ness. We give such a example. Let p and q be projections in a unital C∗-algebra
A. If p is Murray-von Neumann equivalent to q in A, we denote it by p ∼ q in A.
Example 4.3. We give coactions ρ and σ of H0 on a unital C∗-algebras A and B,
respectively, which are strongly Morita equivalent and have the following properties,
where H0 is the dual C∗-Hopf algebra of a finite dimensional C∗-Hopf algebra H .
(1) ρ is not saturated,
(2) σ is saturated,
(3) ρ and σ are strongly Morita equivalent.
Let ρ be a coaction of H0 on A, which is not saturated. Let σ be the second dual
coaction ρ ofH0 on A⋊ρ⋊ρ̂H
0. Let B = A⋊ρ⋊ρ̂H
0. Then σ is a coaction ofH0 on
B and by [7, Proposition 3.19], σ̂(1⋊σe) ∼ (1⋊σe)⊗1 in (B⋊σH)⊗H . Hence by [7,
Proposition 6.4], σ is saturated. Also, by [8, Theorem 3.3], there is an isomorphism
Ψ of MN (A) onto B such that σ is exterior equivalent to (Ψ⊗ id) ◦ (ρ⊗ id) ◦Ψ
−1.
Hence by [9, Lemmas 3.11 and 3.16], ρ and σ are strongly Morita equivalent.
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